Abstract-We are concerned with direction-of-arrival estimation and signal classification with electromagnetic vector sensors for scenarios where completely and incompletely polarized signals may co-exist. We propose an efficient ESPRIT-based method, address the identifiability of the proposed method, and compare its performance against CRB.
obtained with ESPRIT1 would be practically unusable as long as an IP signal exists. Interestingly, ESPRIT3, which was customized for IP signals, would also produce unreliable results in the presence of CP signals.
Hence, we cannot take it for granted that a method devised based on CP (IP) signal model is automatically applicable to IP (CP) signals. On the contrary, a dedicated analysis must be devoted to investigating its applicability to the other types of signals. In this connection, we investigate whether ESPRIT2 can be used for DOA estimation in cases where both CP and IP signals co-exist. Our investigation indicates that ESPRIT2, with an additional assumption (additional in the sense that it was not mentioned in [10] ) and some extra processing, can be used in the presence of both CP and IP signals. Actually, ESPRIT2 is customized for use with a specific three-sensor array. This motivates us to carry out an appropriate generalization so that ESPRIT2, with some appropriate modifications we will introduce later on, becomes applicable to more types of threesensor arrays, as well as a class of arrays with arbitrary number of sensors. For convenience, we will refer to ESPRIT2 with the additional assumption, processing, and modifications we introduce as ESPRIT2 .
We also present a fairly thorough analysis of the identifiability of ESPRIT2 and assess its performance via a comparison of the root-mean-square errors of the estimates with a Cramér-Rao bound (CRB) related expression.
II. PRELIMINARY DISCUSSION

A. Data Model
Ferrara and Parks [14] have studied the use of diversely polarized sensors (cross dipoles in particular) for estimating the DOA's of CP signals. Here, we will use the notation of Ferrara and Parks [14] with an appropriate modification so that it is applicable to EM VS's receiving both CP and IP signals. The modification is basically on the expression of the steering vectors-we adopt the one proposed in [1] , which is suitable for both CP and IP signals.
Consider an array of m EM VS's receiving n EM signals at time t, and let the azimuth and elevation of the kth signal be k 2 (0; ] and k 2 [0=2; =2], respectively. The measurement received at the array can be model as y y y(t) = A A A (t) + e e e(t) (2.1)
where y y y(t) and e e e(t) are 6m 21 complex vectors, respectively, given by y y y(t) = [y y y (1) e (t); y y y e e e(t) = [e e e (1) e (t); e e e (1) h (t); 111 ; e e e (m) e (t); e e e 
where v v v(9 9 
B. Basic Assumptions and Preliminary Discussion
Now, we will establish some useful relationships between the eigenvectors of the array covariance matrix and the steering vectors of the array for the case where CP and IP signals co-exist. First, we make the following assumptions that are essential for ESPRIT2 and ESPRIT2 . (2.6) Note that the columns of E E En are commonly referred to as noise eigenvectors, whereas those of E E E s signal eigenvectors.
III. ANALYSIS OF ESPRIT2 AND DETAILS OF ESPRIT2
A. A Brief Discussion of ESPRIT2
We begin with a brief discussion of ESPRIT2 as proposed in [10] since this will facilitate the discussion of ESPRIT2 : In fact, ESPRIT2 Since the work reported in [10] is concerned with only CP signals, the array measurement is given by (2.4) with p = n and q = 0:
Exploiting the fact that the array of concern is a three-sensor righttriangular array, (2 :
Now, we state a necessary assumption. Z Z Z is the set of all integers, and 6 f k and 6 g k are the principal arguments of f k and g k , respectively. A set of low variance but ambiguous PV estimates for the kth signal is then given by Assume that f f f k is a scalar multiple of the kth column of T T T , as in (2.6), for k = 1;111;n: Then, it can be deduced from (2.6) that the kth column of A A A is a scalar multiple of the kth column of the matrix
where F F ;k kg (3.8) where ' 3 ' is the complex conjugate operator, and '2' is the crossproduct operator. Finally, the element in (3.6) whose Euclidean distance from 0û u u( k ; k ), which is given by (3.8) , is the smallest yields a low variance and unambiguous PV estimate for the kth signal (see [10] for justifications). An estimate for the DOA of the kth signal can then be obtained directly from the PV estimate.
B. The Proposed Method-ESPRIT2
First, recall that the proposed ESPRIT2 , which is capable of handling both CP and IP signals, is a refinement of ESPRIT2. Although ESPRIT2 makes use of basically all the computations required by ESPRIT2 as proposed by Wong and Zoltowski [10] , we will identify a crucial assumption that was not mentioned in [10] , as well as some additional processing, and carry out necessary generalization to include more types of arrays. on the CP signal model, we will show that it is basically valid for the model given by (3.9)-(3.10).
2) A Crucial Assumption We first consider the case where all the signals are CP. As a matter of fact, ESPRIT2 computes a set of "unambiguous" PV estimates via the cross-product technique given by (3.8) . However, such PV estimates may be erroneous if Assumption 7) (stated below) is not satisfied. Indeed, we will establish in Appendix A that, upon determination of the PV estimates via the cross-product technique, Assumption 7) is a necessary and sufficient condition for ensuring that each PV estimate obtained indeed corresponds to an incoming signal. 2)Â A A can also be estimated by E E E s; 1 G G G instead of the expression given by (3.7) , where G G In conclusion, our analysis has shown that ESPRIT2, with Assumption 7) and the additional processing we have outlined in Section III-B3, is applicable for scenarios where CP and IP signals co-exist.
5) Extension to Arbitrary Triangular Arrays:
In practice, it may not be always possible to arrange three sensors in a right-triangular fashion suggested in [10] due to, for example, terrain constraint. On the other hand, using only three sensors limits the number of identifiable signals (see Section IV for a more detailed discussion of the identifiability issues). Hence, we will generalize ESPRIT2 to allow for three-sensor arrays without the right-triangular constraint here as well as to allow for arrays with more than three sensors in Section III-B6. We will cover the desired sensor geometry as well as the relevant modification of some settings for ESPRIT2. Note that the possibility of extending ESPRIT2 to include rectangular arrays with more than three sensors has been briefly mentioned in [10] , but no further details are presented. Now, let us consider a three-sensor array as shown in Fig. 1(a) . The data model is still of the form given by (3.9) and (3. 
6) Extension to Arrays with More Than Three Sensors:
Consider the case of arrays containing more than three sensors. The constraint is that the array must contain three identical m SA -sensor subarrays (with no restriction on the value of m SA ), which can be overlapped.
In fact, one of the subarrays is a reference subarray, whereas the other two are displacement versions of the reference subarray as shown in Fig. 1(b) . Note that the three-sensor arrangement as required by the original ESPRIT2 as proposed in [10] may be taken as a special case of the sensor configuration we proposed here in the sense that the reference "subarray" is simply the first sensor, and the other two sensors are the displacement versions.
Without loss of generality, assume that the reference subarray contains the first m SA sensors of the array. Then, the array measurements can be expressed as (3.9) 
associated with the kth subarray (for k = 1;2;3), and each row of E E E s; k is extracted from a row of E E E s corresponding to a sensor of the kth subarray.
Remark: If the three subarrays are not inclined at right angle, then the modification required for arbitrary triangular arrangements as discussed in Section III-B5 should also be carried out.
IV. IDENTIFIABILITY ISSUES
Since identifiability is a subject by itself and not the only issue of this correspondence, we will present only the relevant results here while putting detailed analysis in the Appendix. For ease of discussion, we introduce a tight bound (tight in the sense that it is relatively tighter than the loose bound that we will shortly discuss) denoted as n t ESP and a loose bound n l ESP , where n t ESP and n l ESP are both positive integers, and n l ESP > n t ESP : We will first discuss the implications of n t ESP and n l ESP and later on present their values.
Indeed, our investigation reveals that when n = p+q < n t ESP , where n is the total number of signals, p is the number of CP signals, and q is the number of IP signals, the DOA estimates obtained with ESPRIT2 will be unique and valid (valid here means that it is indeed the DOA of an incoming signal if all desired assumptions [i.e., Assumptions 1)-7)] are satisfied). In the case where n t ESP n n l ESP , some of the DOA estimates could be invalid depending the DOA's of the incoming signals. Beyond n l ESP , none of the estimates would be valid.
Our study first establishes that n t ESP = 2 and n l ESP = 6m SA 0 q, where q 2 [0;3m SA ], and m SA is the number of VS's in each 
, where min(X X X) denotes the smallest eigenvalue of X X X, and E E E n is the noise subspace defined in (2.5).
V. SIMULATION RESULTS
We present numerical examples to demonstrate the effectiveness of ESPRIT2 : In each example, we generate 100 Monte Carlo runs, and for each run, 100 snapshots are generated. The default values of the signal-to-noise ratios (SNR's) are 10 dB, unless otherwise stated. Before we proceed, we will introduce the degree of polarization (DOP) of a signal. The covariance matrix of the kth signal R R R Note that the value of DOP ranges from 0 to 1, with the DOP of a CP signal being 1, and that of an IP signal being less than 1. A special case of an IP signal that has no CP component is called a UP signal, and its DOP is 0.
In the first example, we assess the performance of ESPRIT2 in the presence of one signal. We simulate one signal with parameter The large value of the RMSAE at low elevation (i.e., jj 10 ) is due to the fact that all the three sensors lie in the x-y plane (better results can be expected if there are sensors not confined in the x-y plane). When we vary the DOP of the signal from 0 to 1 in steps of 0.1, the RMSAE of the DOA estimates increases gradually as the DOP of the signal increases from 0 to 0.9. Interestingly, as the DOP increases further from 0.9 to 1, the RMSAE decreases from the maximum value attained at DOP equal to 0.9 to a value close to that when the DOP is 0. The above observations indicate that ESPRIT2 works best at the two extreme polarizations, i.e., CP or UP, but not in between.
In the second example, we are concerned with the dependence of the performance on the angular separation of two signals. We simulate two uncorrelated signals of which the first is CP with parameters fixed at 9 9 9 1 = (45 ; 065 ; 0 ; 0 ), and the second is UP with parameters 9 9 92 = (45 ; 065 + ; 90 ; 0 ), where is varied from 0 to 155 in steps of 5 : The result associated with the first signal is shown in Fig. 3 . Clearly, the RMSAE of the DOA estimates decreases with an increase in angular separation, except for the case where = 130 (the violation of Assumption 7 when = 130 has led to large RMSAE). As to the case where = 130 , we can apply the processing proposed in Remark iii) of Section IV to obtain an estimate with RMSAE being close to RMSAE CR : Note that we also show in Fig. 3 (and in Fig. 4 as well for the next example) the RMSAE of the high variance DOA estimates obtained from (3.17). Apparently, the RMSAE of the high variance estimates is "ESPRIT_HV" in the legend corresponds to high variance estimate of ESPRIT2 : much higher than that obtained through the combination of both the high-variance and low-variance estimates.
In the third example, we investigate the dependence of the performance on SNR in the presence of two signals. We simulate two uncorrelated signals of which the first is CP with parameters fixed at 9 9 Fig. 4 (a) and (b), respectively. We observe that the RMSAE of the DOA estimates increases with a decrease in SNR, and moreover, it is close to RMSAE CR :
Next, we discuss the ability to accurately determine which of the signals are CP and which are not. Tables I and II show the percentage of erroneous classifications that have occurred for the second and third examples, respectively. We observe that incorrect classifications often occur when angular separation between signals is small or SNR is low. We also notice that very often, when there is a large percentage of incorrect classifications, the DOA estimates are all quite poor (see Figs. 3 and 4) . Incidentally, there was no incident of incorrect classification in the entire process of Example 1. One main reason is that Example 1 involves only one signal, and the SNR value is considerably high.
VI. SUMMARY
We addressed DOA estimation with EM VS's for scenarios where CP and IP signals co-exist. Although there had been existing methods for estimating the DOA's of multiple signals with an array of EM VS's, they had been designed either for only CP signals or for only IP signals. The fact that a method suitable for CP (IP) signals may fail completely in the presence of IP (CP) signals motivated our investigation into the applicability of ESPRIT2 [10] that was designed based on CP signal model for scenarios where the two types of signals co-exist.
Our investigation showed that ESPRIT2, with an additional assumption and some extra processing, is capable of yielding reasonably good estimates of the DOA's of both CP and IP signals and of offering sensible classification of the signal types. Since ESPRIT2 was originally designed for use with a specific three-sensor array [10] , we carried out an appropriate generalization to include more general types of three-sensor arrays and a class of array with an arbitrary number of EM VS's. We also acquired some useful insights into the identifiability issues concerning our proposed ESPRIT.
APPENDIX A THE SIGNIFICANCE OF ASSUMPTION 7
We will first establish a useful lemma. 
